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In pure-glue QCD, gluon-gluon scattering in the JPC = 0−+ channel is described by a very simple
equation, especially if one considers just the leading contribution to the scattering kernel. Of all
components in this kernel, only the three-gluon vertex, Vµνρ, is poorly constrained by contemporary
analyses; hence, calculations of 0−+ glueball properties serve as a clear window onto the character
and form of Vµνρ. This is important given that many modern calculations of Vµνρ predict the
appearance of an infrared suppression in the scalar function which comes to modulate the bare vertex
after the nonperturbative resummation of interactions. Such behaviour is a peculiar prediction; but
we find that such suppression is essential if one is to achieve agreement with lattice-QCD predictions
for the 0−+ glueball mass. It is likely, therefore, that this novel feature of Vµνρ is real and has
observable implications for the spectrum, decays and interactions of all QCD bound-states.
1. Introduction. The Clay Mathematics Institute has
established a “Millennium Problem” prize for proving
that quantum SUc(3) gauge field theory is mathemati-
cally well-defined [1]. Supposing it is, then one corol-
lary must be the dynamical generation of a mass gap,
∆, in pure-gauge QCD and the attendant appearance
of glueball bound-states. There is strong numerical evi-
dence in support of these outcomes, found especially in
the fact that numerical simulations of lattice-regularised
QCD (lQCD) predict ∆ & 1.5 GeV [2] and a rich spec-
trum of glueball bound-states [3].
With lQCD having established benchmarks, contin-
uum bound-state methods are being employed in at-
tempts to develop an intuitive understanding of glueball
emergence and structure, e.g. Refs. [4–7]. In pure-gauge
QCD, the JPC = 0−+ glueball is the simplest case be-
cause the Bethe-Salpeter equation has only one dynami-
cal kernel, viz. that describing gluon-gluon scattering, the
leading contribution to which is illustrated in Fig. 1; and
the solution amplitude involves just one scalar function:
χµν(k+, k−) = µναβkαPβF(k;P ) . (1)
The 0−+ channel therefore presents the best opportuni-
ties for developing insights that are qualitatively insensi-
tive to model details; and this is our goal herein.
2. Bethe-Salpeter Equation for 0−+ Glueball. It
is worth beginning with the observation that owing to
Eq. (1):
k±µχµν(k+, k−) = 0 = k±νχµν(k+, k−). (2)
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FIG. 1. Leading contribution to the Bethe-Salpeter equation
for a 0−+ glueball with total momentum P in pure-glue QCD:
“springs” – gluon propagators, Dµν(`); and “open circles” –
three-gluon vertices, Vµνρ. (l± = l ± P/2, l = k, q).
Consequently, longitudinal gluon modes do not con-
tribute to the bound-state; hence one can express
the Bethe-Salpeter kernel quite generally using Landau
gauge, with
Dµν(l ) = [δµν − lµlν/l 2]D(l 2) =: tµν(l )D(l 2) . (3)
The merits of Landau gauge are widely known, e.g.: it is
a fixed point of the renormalisation group; that gauge for
which sensitivity to model-dependent differences between
Ansa¨tze for the vertices are least noticeable; and a covari-
ant gauge, which is readily implemented in simulations of
lattice-regularised QCD. (Importantly, gauge covariance
of Schwinger functions obviates any question about the
gauge dependence of gauge invariant quantities.)
Shifting attention to the Bethe-Salpeter kernel, Fig. 1
shows that the leading contribution is defined by contrac-
tions of gluon propagators with three-gluon vertices and
overall multiplication by the strong-coupling-squared, g2.
(Notably, using Slavnov-Taylor identities, this combina-
tion is readily shown to be renormalisation-group invari-
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2ant; hence, so is the solution.) Combining the elements
as indicated diagrammatically, the complete result is
K = PδPξqγkζεαβζξεαβγδV +µαρV −νβσtρσ(Q) , (4)
where g2 and the scalar functions characterising Dµν(`)
have been omitted and, e.g. V ±µαρ = Vµαρ(−k±, q±,∓Q).
The three-gluon vertex may be expressed as follows:
Vαµρ(q, r, p) = V
L
αµρ(q, r, p) + V
T
αµρ(q, r, p) , (5)
where V Lαµρ is that part which saturates the Slavnov-
Taylor identities and V Tαµρ is the completely transverse
remainder. The longitudinal term involves ten indepen-
dent tensor structures:
V Lαµρ(q, r, p) =
10∑
i=1
Xi(q, r, p) `
i
αµρ , (6)
where {`iαµρ, i = 1, . . . , 10} are the momentum-
dependent tensors defined in Ref. [8], Eq. (3.4). Absent
interactions, X1 = X4 = X7 = 1 and all other scalar
functions are zero; consequently,
V Lαµρ(q, r, p)→ V 0 Lαµρ(q, r, p)
= (q − r)ρδαµ + (r − p)αδµρ + (p− q)µδαρ , (7)
which is the bare vertex. In the presence of interactions,
a realistic assessment of the probable nonperturbative
forms of the functions {Xi} in pure-gauge QCD is also
provided in Ref. [8], obtained by adapting the gauge tech-
nique to this problem [9].
Little is known about V Tαµρ. Attempts have been made
in Abelian gauge theories to construct the analogous
transverse part of the gauge-boson–fermion vertex us-
ing transverse Ward-Green-Takahashi identities [10–12].
This approach has been extended to QCD [13–20]; and
could, perhaps, be adapted to building a realistic model
for V Tαµρ. Meanwhile, however, as with all preceding con-
tinuum studies, we assume that V Tαµρ does not contribute
materially to the 0−+ Bethe-Salpeter kernel; or, at least,
that its contribution may effectively be absorbed into the
values of parameters used to define other aspects of any
model input. This assertion cannot now be validated,
but that will change as further resources are devoted to
analysing the three-gluon vertex [21–27].
It is important to note here that we have not discussed
the massless poles which must appear in Vαµρ in order
to ensure emergence of a nonzero infrared mass-scale in
QCD’s gauge sector [28]. This is because they couple lon-
gitudinally to all external lines; hence, owing to Eq. (2),
are eliminated from the 0−+ channel.
With the three-gluon vertex thus defined, one may pro-
ceed to evaluate K in Eq. (4), arriving at the following
compact result:
K = T1
[
V1T2Q
2 + 2V5
[
(k · P )(q · P )− P 2(k · q)] ]
+ 2T2 [2V3 (k ·Q)− 2V2 (q ·Q) + V4 (P ·Q)] , (8)
where
T1 =
1
Q2
[
P 2Q2 − (P ·Q)2 + 4(k · q)2 − 4k2q2] , (9a)
T2 =
1
Q2
[
k2(q · P )2 − k2q2P 2 + P 2(k · q)2
+q2(k · P )2 − 2(k · P )(k · q)(P · q)] ; (9b)
V1 := (X
−
3 +X
−
6 +X
−
9 ) X˜
+
1
+ (X+3 +X
+
6 +X
+
9 ) X˜
−
1 , (10a)
V2 := X˜
−
4 (X˜
+
1 + X˜
+
7 ) + X˜
+
4 (X˜
−
1 + X˜
−
7 ), (10b)
V3 := X˜
+
7 (X˜
−
1 + X˜
−
4 ) + (X˜
+
1 + X˜
+
4 )X˜
−
7 , (10c)
V4 := X˜
−
1 (X˜
+
4 − X˜+7 )− X˜+1 (X˜−4 − X˜−7 ), (10d)
V5 := X˜
+
1 X˜
−
1 ; (10e)
and
X˜1(q, r, p) = X1(q, r, p)− (q · r)X3(q, r, p) , (11a)
X˜4(q, r, p) = X4(q, r, p)− (p · r)X6(q, r, p) , (11b)
X˜7(q, r, p) = X7(q, r, p)− (p · q)X9(q, r, p) , (11c)
with the arguments of the functions X˜±i being obtained
from Eq. (11) via appropriate identification of q, r, p.
It is worth highlighting that K in Eq. (4) is symmetric
under +↔ −, i.e. invariant under the simultaneous op-
erations q → −q, k → −k; consequently, Q→ −Q. This
follows because {Vi, i = 1, 2, 3, 5} are symmetric under
the exchange operations and V4 is antisymmetric.
3. Completing the Bound-State Kernel. To com-
pute the mass and bound-state amplitude for the 0−+
glueball it is necessary to complete the kernel of Fig. 1 by
specifying forms for: (i) the propagator of the valence-
gluon constituents, D(l 2); (ii) the functions determin-
ing the contributing parts of the three-gluon vertex,
{X1,3,4,6,7,9}; and the exchange interaction that binds the
system, i.e. the ladder rung in Fig. 1. We now consider
each in turn.
(i) – D(l 2). Following the pioneering effort in Ref. [29],
much has been learnt about the nature of the dressed-
gluon two-point function in Landau gauge as contin-
uum and lattice studies of QCD’s gauge sector have
increased in sophistication and reliability. Today it is
known that D(l 2) is well described by its perturbative
form on l 2 & 1 GeV2. On the other hand, this propaga-
tor saturates at infrared momenta [17, 20, 28–37]:
D(l 2 ' 0) = 1/m2g, (12)
as a consequence of gluon self-interactions. Hence, a large
body of work can be summarised by stating that gluons,
although acting as massless degrees-of-freedom on the
perturbative domain, actually possess a running mass,
whose value at infrared momenta is characterised by mg.
3Such behaviour is expressed in each one of the many
available numerical solutions of the gauge-sector gap
equations. However, those solutions are typically re-
stricted to l 2 > 0, whereas solving the Bethe-Salpeter
equation in Fig. 1 requires that D(l 2) be sampled on a
sizeable subdomain of the entire complex l 2-plane [38].
Any continuation into the complex plane of the known so-
lution D(l 2 > 0) will typically depend sensitively on the
truncations used for the relevant gap equations and its
use in solving the Bethe-Salpeter will demand a high de-
gree of numerical complexity. Both effects place hurdles
in the path leading to development of physical insights.
We therefore elect to follow Ref. [39] and employ a
simple algebraic Ansatz for the gluon propagator, which
qualitatively preserves its known features and extrapo-
lates into the complex plane in a manner consistent with
confinement:
D(l 2) = 1
m2g
1− e−l 2/m2g
l 2/m2g
=: E(l 2,m2g) . (13)
It is appropriate here to explain that we view confine-
ment as being effected by marked, dynamically-driven
changes in the analytic structure of coloured Schwinger
functions. The modifications ensure that such functions
violate the axiom of reflection positivity and thereby en-
tails elimination of the associated excitations from the
Hilbert space of asymptotic states [40]. This is a suffi-
cient condition for confinement [41–55], which leads one
to view parton fragmentation phenomena as the cleanest
expression of confinement in QCD [56].
(ii) – {X1,3,4,6,7,9}. Above (see Sec. 2) we have
sketched much of what is known about the three-gluon
vertex. It remains to add that at momentum scales above
1 GeV2, the vertex is once again well approximated by
Eq. (7). Here the dominant and striking nonperturbative
effect is a marked suppression of the vertex at infrared
momenta [21–27]. We implement these features by writ-
ing X3,6,9 ≡ 0,
X±1 = X
±
4 = X
±
7 = R
±, (14a)
R± = f (k2±)f (q2±)f (Q2) , (14b)
thereby preserving Bose symmetry of Vαµρ, with [39]
f (k2) = 1− exp(−k2/ω23g) , (15)
where the parameter ω3g prescribes the domain over
which suppression of the vertex is active. Our approach
replaces the full vertex by the bare vertex multiplied
by the R factor. As illustrated by Fig. 2, this algebraic
Ansatz qualitatively expresses the structure determined
in modern numerical analyses of the three-gluon vertex.
(iii) – The exchange interaction in Fig. 1 describes a
ladder-like approximation to gluon-gluon scattering. As
explained elsewhere [35, 37], by capitalising on a com-
bination of the pinch technique [29, 57–61] and back-
ground field method [62, 63], one can define and com-
pute a unique process-independent effective charge in
FIG. 2. Vertex Ansatz defined in connection with Eqs. (14),
(15), using ω3g = 1.9 GeV – densely cross-hatched (brown)
surface, compared with a contemporary numerical solution for
X1 [8] – sparsely cross-hatched (blue-yellow) surface, plotted
using a uniform angle of 2pi/3 between each of the four-vector
arguments.
QCD, i.e. an interaction whose behaviour is identical in
every scattering channel, gluon+gluon→ gluon+gluon,
quark+quark→ quark+quark, etc. A phenomenologi-
cally efficacious representation of this interaction is ex-
plained in Refs. [33, 39, 64]:
G(Q2) = 8pi
2
ω4
D e−Q
2/ω2 +
8pi2γm E(k2, 4ω2)
ln[τ + (1 +Q2/Λ2QCD)
2]
,
(16)
with Dω = (0.96 GeV)3, ω = 0.5 GeV, γm = 12/25,
ΛQCD = 0.234 GeV, τ = e
2 − 1.
We have now defined every element of the kernel de-
picted in Fig. 1, enabling us to write the Bethe-Salpeter
equation explicitly:
F(k;P ) = Nc
2h(k;P )
∫
d4q
(2pi)4
K
×D(q2+)D(q2−)G(Q2)F(q;P ) , (17)
with Nc = 3, h(k, P ) := [k
2P 2 − (k · P )2] and
K = {2T1 [(k · P )(q · P )− P 2(k · q)]− 16Q2T2}R+R−.
(18)
There is no realistic Bethe-Salpeter equation in hadron
physics which takes a simpler form.
It is worth remarking here that if one writes R± ≡ 1
in Eq. (18), then Eq. (17) simplifies to an equation with
the character of that studied in Ref. [5]. Similarly, the
0−+ glueball bound-state equation analysed in Ref. [6]
can also be recovered if one employs a different Ansatz for
the three-gluon vertex. On the other hand, the analysis
in Ref. [4] does not follow a typical few-body approach to
glueball structure, preferring instead to estimate glueball
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FIG. 3. Mass of the pseudoscalar glueball as a function of
ω3g, whose value determines the size of the domain of infrared
support for the kernel of the glueball Bethe-Salpeter equation:
the size decreases as ω3g increases. The “star” marks the
lQCD prediction from Ref. [3]: M0−+ = 2.56(13) GeV.
masses by studying the infrared behaviour of two-body
composite operators built using a model for the gluon
two-point function. In this case, the resulting glueball
masses are determined by the scales already contained in
the gluon propagators because no dynamical information
about gluon-gluon scattering is specified.
4. Solution for the 0−+ Glueball. With every element
in the kernel of Eq. (17) given by an algebraic function, it
is straightforward to solve for the bound-state mass and
amplitude. The symmetries explained in the ultimate
paragraph of Sec. 2 ensure that the mass is real, despite
the fact that the kernel is sampled in the complex plane.
Inspection reveals that the glueball mass increases as
the mass of the valence-gluon, mg, is increased: each
valence-gluon propagator involves a 1/m2g factor that
is dominant at infrared momenta; thus, any increase
in m2g must reduce the strength of couplings into the
gluon-gluon correlation. A similar effect is seen in the
Bethe-Salpeter equation for any bound-state, even when
a momentum-independent exchange-interaction is used
[65]; hence we do not discuss it further. Instead, the value
mg = 0.6 GeV is taken from the hybrid-meson study in
Ref. [39]: ±10% variations in this value induce a response
of commensurate size in the computed bound-state mass.
Our single parameter is ω3g, whose value prescribes the
domain over which suppression of the three-gluon ver-
tex is active in the Bethe-Salpeter kernel; and in Fig. 3
we display M0−+(ω3g), i.e. the computed mass of the
0−+ glueball as a function of ω3g. Evidently, there is
a critical value ωc3g ≈ 0.85 GeV such that sensible solu-
tions of Eq. (17) are only obtained with ω3g > ω
c
3g. For
ω3g ≤ ωc3g, there is so much attraction in the 0−+ channel
that the lightest glueball appears as a composite almost-
massless mode. This observation explains why Ref. [5]
found it necessary to employ a value of α(1 GeV) that is
just 1% of the predicted value [35, 37] in order to obtain
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���
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���
FIG. 4. Zeroth Chebyshev moment of the 0−+ glueball
Bethe-Salpeter amplitude, F(k;P ), defined in Eq. (20). Solid
(black) curve – directly computed result; and dashed (green)
curve – smoothened interpolation.
a realistic value of M0−+ . On the other hand, M0−+ in-
creases uniformly on ω3g > ω
c
3g, with our result matching
the lQCD prediction at ω3g ≈ 1.9 GeV.
We have repeated the analysis using the following
propagator for the valence-gluon [41, 44]:
DS(l 2) =
n21
d41 + (l 2 + d22)2
, (19)
n1 = 3.3 GeV, d1 = 0.99 GeV, d2 = 1.3 GeV, whose pa-
rameters were chosen to maximise the similarity between
this function and that in Eq. (13) on the ray l 2 ≥ 0.
All results obtained using Eq. (19) are qualitatively and
semiquantitatively equivalent to those already reported
herein: in this case, the lQCD prediction for M0−+ is
recovered using ω3g ≈ 1.7 GeV.
The behaviour of the solution trajectory in Fig. 3 can
also explain the value of M0−+ ≈ 4.5 GeV obtained in
Ref. [6]. Namely, the vertex Ansatz employed therein
likely provides too much infrared suppression in the
Bethe-Salpeter kernel, viz. is effectively associated with
a large value of ω3g; a possibility implied in Ref. [6].
In Fig. 4 we plot the zeroth Chebyshev moment of the
0−+ glueball’s Bethe-Salpeter amplitude:
F0(k2) = 2
pi
∫ 1
−1
dx
√
1− x2F(k;P ) , (20)
where x = k ·P/
√
k2P 2, calculated using Eqs. (13) – (18)
with ω3g = 1.9 GeV. F0(k2) vanishes in the neighbour-
hood k2 ' 0, grows to a peak and then asymptotically
falls ∼ 1/k2, up to logarithmic corrections.
We emphasise that the local minimum and maxi-
mum at intermediate momenta are artefacts. They ap-
pear because we employed simple algebraic models for
the gluon propagator, Eq. (13), and three-gluon vertex,
Eq. (14), (15), when constructing the Bethe-Salpeter ker-
nel instead of using self-consistently determined Dyson-
Schwinger equation solutions. Consequently, mass-scales
5present in Eqs. (13) – (16) compete with each other in-
stead of working together. The dashed green curve is a
least-squares smoothening fit to the numerical solution,
which likely delivers a more realistic picture of F0(k2).
Such a profile is typical of the amplitude for a sys-
tem with significant rest-frame orbital angular momen-
tum between the dressed-valence constituents, as can be
inferred by analogy with P -wave quark-antiquark mesons
[66]. In the present case, owing to the three-gluon ver-
tex, the kernel in Eq. (17) has many numerator factors
∼ k·P , q·P , etc. One must therefore anticipate a solution
F(k2, k · P ;P 2) with strong k · P -dependence. Further-
more, since a 0−+ state is even under k ·P → −k ·P , then
large relative angular momentum works to limit support
in the neighbourhood (k · P )2 ' 0. Consequently, the
zeroth Chebyshev moment is suppressed on k2 ' 0.
It is natural to ask after the impact on our results
of additional contributions to the gluon-gluon scattering
kernel, i.e. including additional terms on the right-hand-
side of Fig. 1. In answer, we note that, in the pure-glue
theory, any new term will involve at least two additional
three-gluon vertices; hence, even greater suppression at
infrared momenta. Moreover, the support of such a con-
tribution at ultraviolet momenta will be weaker than that
of the leading term. Consequently, whilst the results ob-
tained from Eq. (17) will receive minor quantitative mod-
ifications, they will be qualitatively unchanged.
5. Summary and Perspective. Owing to the nature of
gauge-sector dynamics, the Bethe-Salpeter equation de-
scribing gluon-gluon interactions in the JPC = 0−+ glue-
ball channel of pure-glue QCD takes a very simple form.
In fact, considering only the leading contribution to the
associated kernel, it is arguably the simplest bound-state
equation in hadron physics.
The kernel in the 0−+ channel is defined by a convolu-
tion involving the process-independent effective charge,
dressed-gluon propagator, and three-gluon vertex: Vµνρ.
The charge is immutable and the solution of the Bethe-
Salpeter equation is largely insensitive to details of the
dressed-gluon propagator, which in any event is well con-
strained by continuum and lattice studies. In conse-
quence, any calculation of the 0−+ glueball mass and
bound-state amplitude serves as a fairly transparent win-
dow onto the character and form of the dressed three-
gluon vertex. This is a unique quality of the 0−+ glue-
ball problem. In contrast, for example, the role of the
three-gluon vertex in the three-quark baryon problem
is obscured by other effects, such as the formation of
quark+quark correlations [67]; and although the three-
gluon vertex does play an important role in determin-
ing the properties of hybrid mesons, complexities in this
three valence-body problem work to mask its role [39].
Given that there is much still to learn about Vµνρ,
the access provided by gluon-gluon scattering in the 0−+
channel elevates the importance of this problem: it be-
comes a valuable test-bed for Ansa¨tze and computed ap-
proximations for Vµνρ. Our study highlights this special
role. In particular, it focuses attention on the potential
physical importance of a peculiar feature of contempo-
rary results for Vµνρ, viz. the appearance of an infrared
suppression (zero-crossing) in the scalar function that
modulates the strength of the tensor structure associ-
ated with the bare three-gluon vertex after the impact of
nonperturbative interactions is assessed [21–27].
Contemporary theory indicates that the infrared sup-
pression of Vµνρ, whose effects we have studied herein, is
an unavoidable consequence of [21, 24, 28]: (i) the emer-
gence of a gluon running mass in QCD, which is large at
infrared momenta; and (ii) the nonperturbative absence
of any such scale in the ghost sector, so that the ghost
dressing function, F (k2), whilst finite, possesses a loga-
rithmic branch point at k2 = 0. Our study suggests that
this novel feature of Vµνρ has observable implications for
the spectrum, decays and interactions of colour-singlet
bound-states in QCD. We showed this explicitly for the
0−+ glueball; and given the universality of interactions
in QCD, what is true for one system should also be true
in many others.
Having highlighted the potential importance and phys-
ical manifestations of infrared suppression in the three-
gluon vertex, it is next worthwhile to confirm the results
and conclusions presented herein using refinements of the
Ansa¨tze used for the gluon propagator and three-gluon
vertex. For instance, using self-consistently determined
solutions for these functions in the 0−+ channel. Sensibly
constrained, the extension of our study to include other
glueball channels would also be valuable because it may
lead to a unified, internally consistent and insightful un-
derstanding of the structure and emergence of glueballs;
and perhaps, thereby, assist in solving the existence prob-
lem for quantum Yang-Mills theories.
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